C/zapter 5

Legendre Polynomials

Pm (x)is a Legendre Polynomials which is a solution of Legendre equation

(1-x%)y"=2xy"+m(m +1)y =0in the form

m F—0 2™ r1(m —r)I(m —2r)!
we find that
Po(x)=1
P (X)=X

Pa(X)=2(3x7-1)
P3(x)=%(5x2 ~3x)

P4 (X) = %(35x4 —30%°% +3)

Generating Function for the Legendre polynomials:

a0
\/(1 2t1 t2)= > tMPR(x) if f<land [x|<1
—AX + m=0

Further Expressions for the Legendre polynomials:

(Rodrigues’s Formula)

1 dMm
2Mm1 dx™M

from this formula we find that

(x2 ="

Pm (X)=

Po(x)=1 and Pl(x)=%3—x(xz—1)=x

2
P2(x)=2i.d—(X2 ~1)%= %(3X2 —1) andsoon

2221 dx?

T

1 [
(Laplace’s Integral Representation) P, (X)=— I (X +Vx2% -1 cos 0) de
/4

0
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Explicit Expressions for and Special VValues of The Legendre Polynomials:

) Pmn@®)=1 (i) Pp(=1)=(-1)"

(iii) ;—XPm Q)= %m (m+1) (iv) ;—XPm (-1) =)™ _1%m (m+1)

(2m)!

) Pan )= (0" S

(Vi) Pom41(0)=0

Orthogonal Properties of the Legendre Polynomials:

1 0 if m=n
J Pm(x)Pp(x)dx=y 2

21 if m=n
2m +1

Some Relation between the Legendre Polynomials and Their derivatives:

(Recurrence Relations):
Theorem (7):

)
@ PAG) =" T (2m =4 ~DPy_zr 1(0)
(i) XPr (X)= 3P 1 (X)+ 21— P _1(x)

(iif) (M+1)Ppy 11 (X)=(2m + 1)xPp, (X)+ mP,_1(x) =0
(V) Pm41(X)—Pm_1(x)=(2m +1)Pp, (x)

(V) XPm (X)=Pm_1(x) =mPp, (x)

(Vi) Pm (X)=XPmp_1(X) =mPp, _1(x)

(vii) (x%=1)Pp (X)=MxPp (X) = MPpy _1(x)

(viii) (x2 —DPp (X)=(M + )Py 11(X)— (M +1)xPy, (X)
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Solved Examples:

Example (1):
Show that } szm+1(X)Pm_1(X)dX - im (m+1)
-1 (4m~ -1)(2m +3)
Deduce the value of } x2PIm +1(X)Ppy 1 (x) dx
Solution: :

We use theorem (8)ii to dispose of the x?appearing in the integrand, and we may then use
the orthonormality property of theorem(5)
Thus

1
| X2I:)m +1(X)Pm 1 (x)dX
21

1
= f (XPm12(6) ) (XPm —1(x))dx

- {;‘;23 P +2(0)+ 50 13Pm<x>}{ P )+ m—z(x)}dx

1 m+1 m
= P (X)——P._ (x)Xx
_jl 2m +3 m ( )2m—1 m (X)

{the other terms vanishing by theorem(5), since they are of the

form } P (X)Py (x)dx, I #m}

-1
1 1
_jl x 2P 1 (X)Pr _ (X )dxX = (Zng;‘(’;n? 5l [ {Pm ()} dx
_ m(m +1) P _ 2m(m +1)
“emeaEn-pam+1 Y O o um2 )

we know that P, (x)is a polynomial of degree m, so that the above integrand is a
polynomial of degree 2+ (m + 1)+ (m —1)=2(m +1)i.e. of even degree

Thus the integrand is even, so that

1 1

I X 2P 41(X)P g (X)X =2 X 2P 41(<)Pr _g (x )X

Hence
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2m(m +1)
(2m +3)(4m? - 1)

1
2] x*Pm, +1(X)Pp 1 (X)dx =
0

m(m +1)
(2m +3)(4m? - 1)

1 2
S XEP 1 (X)P (X )dx =
0

Example (2):

1
Evaluate | P, (x)dx when m isodd
-1

Solution:
By theorem (8) we have Py, 1(X) —Pp_1(x) =(2m +1)P,, (x) then

1

P )= o 1D

{Pm1(x)—Pm_a(x)}

1 1
(2m +1) 5
1

= m[{Pm 11 (X) =P (x )}]%)

) ﬁ[{Pmﬂ(l) - Pm_l(l)} _{Pm+l(0) - Pm—l(o)}]

_ 1 11 (_1)(m+l)/2 (m +1)| . (_1)(m—1)/2 (m _1)|
(2m +1) 2 Hmans2p o 2™ [(m-ys2nT

1
| P (x)dx = {Phsa(x) =Py _1(x)}dx
0

{by theorem (4)I and v, note that m +1and m —1are both even}

__ L | EDE™YE madmm-nt (D)™ (m -
(2m +1) 929(m-1) [(m +1)/2{(m _1)/2}!]2 o(m-1) [{(m _1)/2}!]2

_ 1y (m-y _1_ (=D(m +m
@m+D) 20D [m-nr2p ]| 22[{m+n/2}]

= — 1+
(2m +1) 2m-D [{(m _1)/2}!]2 | m+1

1 p™Y2 me-or m}

1 (=p 2 (m-1! [2m +1]
C(2m+1) 2mD [{(m -1/ L m+1
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(-p(m-D/2 (m —1)!
- 1
2(Mm-1) [m _I_l](m_lj![m_l)!
2 2)\2 2
D G i (e I e (.
A5G 2 )
2 202 2)\2 2) 2 )L 2 )
Example (3)
1 O<x <1
Expand the function f (x) = in Legendre series.
-1 -1<x <0
Solution

1
Cp=(n +%)j f (x)Py (x )dx
-1

:%(Zn +1) } f (x)Pp, (x )dx
-1

Since the function is an odd then Legendre series contains only odd indexed

polynomial we have

1 1
Cong=(@n+3)[ f (X)Pon g (x)dx =(4n +3)[ Pppn,q(x)dx
0 0

Use the fact that
(2k +)P, =Py 11(x) =Py _1(x) with k=2n+1

(4n+3)Pop 11 =Popi2(X) —Pop (X)

. ~ _(-D"(2n)
With Py, (1) =1and P, (0) = 2 2 - !)2
Then
1 1 1
Consp=04n+ 3).[ PopdXx = I [Pén+2(x ) —P2n (X )]dX = [P2n +2(X)=Pop (x )]O
0 0
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()" (2n)! ()"*(2n +2)!
22" (2 22"+ 4P

=P (0) —Pon2(0)+=

_(=)"(2n)! ) D" (2n +2).(2n+1).(2n)!
22" (n1)? 22N 22(n +1)%.(nN?

_(=)"(2n)! .\ (-D".(2n+1).(2n)!
22" (2 22" 2(n +1).(n1)?

_(-D"(2n)! 2n +1
220 (n1)2 (H 2(n +1)j

_ (—1)”(2n)!( 2n+2  2n+1 J: (=) (4n +3) | (2n)!
22" (1?2 (2(n+1) 2(n+1) 2"*1(n+1) ) (n1)?

We have the expression

f(x)= OZO: [(—1)n(4n+3)J(2n)! Poni1(X) 0<x<1

n=o | 2"+ J(nn?

Example (4)
Expand the function f (x)=|x|, —1<x <1 in Legendre series.

Solution

Now, [x | is an even function and P, (x) is even if r is even and odd if r is odd. Hence if r

1
isodd |x [P, (x) isodd, sothat | |x|P,(x)dx =0hence C, =00n the other hand, if r is

1
1 1
even |x|P,(x) is even and hence [ Ix[Pr (x)dx =2 xPy(x)dx
-1 0

So that

C —(2r+1)} xP (x)dx—(2r+1)} {”1P (X)+——P (x)}dx
r 0 o lor+1 T g

1
= {(r +DPy 1 (x)+r1 Pr_g(x)}dx
0

Now, r is even, so that both r + 1 and r- 1 are odd, and we may use the result of example
(2) to obtain
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(-1 ?r1 S ()]
r+l:1 (1 |+r =1l eyidy — 0
2 (2r+1).(2r). 2 (2r).(2r 1)!

C,=(r+1

(~)""2(r —2)! {(r +r(r -1) _r}

:Zr_l(%r)!(%r—l)! 2*(r+1(dr)

)" (r —2)1 {(r+l)(r—1)_r}

2ol 2

_ ("2 -2y (2r +1)
2" 1A dr-1 (r+2)

Thus we have

© (=" @an +1)(2n - 2)! 5

f =
09 n=0  22"(n +1)!(n —1)! 2n ()

Example (5)

Use Generating Function to prove (M +1)Py,,1(X) —(2m +D)xPy (X)) + mPy, (X)) =0
Proof

Consider the generating function

L _ 3 ") 1)
Ja-2x +t2) 00

We differentiate with respect to t:

) I S L

(\/(1—2tx +t2)j3 n=1

We multiply by 1 — 2xt + % and use 1)

2 -
Q=2 )XY _ 5 o 112)np, (x)t" L

[ 3 =1
( 1-2tx +t2) n=
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KD _ 5 @-2x +t2np, ()t

Vi-2tx +t2  n=1

S (xR OO = X (-2 +t2)nPy (x)t" !
n=0 n=1

e 0] o0 l
> xP,(xt" =3 Pt
n=0 n=0

=3 POt =3 2nxP, (x)t" + 3 nP,(xt""
n=1 n=1 n=1

and after grouping the series
0.0]
XPy(x) =P (x)+ Y [(2n +)xPy (x) — (N +DPy 1 (x) =P, 1 () ]t" =0
n=1
Equating the coefficient then

(2n +1xP, (X) = (N +1)Py 11 (X) —=nPy 1 (X)

Exercise
r 2m
(1) Show that | [ XPp, (X)Ppy 1 (X)dX = —=
—1 dm- —1
Answer:
: m+1
Since XPp, (X) = ——P X)+ P X
m (X) om + 1 m+1(X) o 1 m—1(X)
Then
m+1 m
m( ) m—1( ) om +1 m+1( ) m—1( ) om 1 m—l( ) m—l( )
1
[ X ()P 1 (x)dx
-1
L ms 1
=I om +1Pm+1(X)Pm—l(X)dX +I om +1Pm_1(X)Pm_1(X)dX
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I
= 0 + P X)P X )dx
:'.l om 21 m-10Pm_1(x)d

. m 2 B 2m _2m
T2m+12m=-1)+1 (@m+1)(2m-1) am2_1

(2) Show that } (1-x?)P! (x)P!(x)dx =
-1

ANnswer:

Since (X% —1)P., (X)=mxP (X)—MP, _1(x)

Then  (1=x?)Pp (X)==mxPp, (X)+MPy, _1(X) (*)
and
XPm ()= 221111 Pm+100+ 25077 Pm-1 (%) (%)

from (**) in (*) we have

(1=x2)P (x)=-m (2”;]:11 Py (X)+ me+1pm _1(x))+ mP_1(X)
_ 2
=%_;Llnpmﬂ(x)—er:_*_lPm—l(x)'*'mpm—l(x)
then
(1=xD)P ()P ()= T4 ()P )+ Py ()P ()]
and
; N mm+1)| , ; ,
[ @=-x9)Pp (x)Pn(x)dx=ﬁ = [ Pm1 ()P ()X + [ Ppy_1(x)Pp (x)dx
-1 -1 -1
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=m(m +1){

1
om +1 _Pm+1(X)Pn(X)‘£1+I Pm+1(X)Pp (X)dx

-1

1
+Pm-1(X)Pp (X)‘il - I Pm—1(X)Pp (X )dx}
)

2m +1

m(m +1)[
-1

1
I P +1(X)Pp (X)dx —j Pm _1(X)P;, (x)dx}

m(m+1)

om +1 [I P (X)[Pm+1(x)—Pr{1_1(x)}jx}

1
m(m +1)
T om+1 [_jl (2m +1)Pp, (X)Pn(x)dX:I
m(m +1) 2 2m(m +1)
2m+1( +)2m+1 mn= om41 —MN

1
@) If |up = [ x7IPy (X)Pp_g (x)dx
-1

show that nup, +(n —1)u,_; =2 and hence evaluate u,, .

Answer
. n+1
Since XP, (X)= P X) + P X
n( ) 1 n+1( ) on+1 n—1( )
Then
xP (X)—— (X )+ ~1p
n-1 _2 n on—1 n 2

-1
1 Pn—2Pn-1(x)

XPp_1(X)Pn_ 1(x)—n—P (X)Pp,_ 1(x)+

Ph_1(X)Pn_1(X) = Znn— 1X_1Pn (X)Pp_1(x)+ znn__ll X_lpn—ZPn—l(X)
(20 = 1)Pp_1 (X)Pr_1 () =nx 1P, (X)Pr_1 (X) + (N =L)X Pp_oPp_1(X)

10
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1 1 1
(2n=1) | Pn_g(x)Pn_g(x)dx =n [ x7Pn 0)PR_1 ()X + (0 =1) [ X 7Py _oPpn_q (X )X
-1 -1 -1

~(2n-1) (2n—1) =n uy+(N-1)u,_1

or nuy,+(n-Yu,_1=2

at n=2 2Up+ Uy =2 — Uy =0
2
at n=3 3U3+2U2=2 —)U3=§
g n odd
un= n
0 n even
(4) Show that
1
—=2m(m +1
@) (x2—1)PA()Py_y(x)dx = M+ D
-1 dm“- —1
1
2m(m +1)
b XP, (X)P x)dx =
( )!1 m( ) m+1( ) (2m +1)(2m +3)
1
2m
©) | xXPyn (X)Py_q (X)X =
!1 " m-t 4m? —1
ANsSwer:
1
—2m(m +1
(@) [ (x2—1)P) (X)Pry_y (X)X = (2 )
1 dm* —1

since (x2 —1)Pp (X)=mxP, (X) —mPy,_1(x) then

11
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1 1
1) (x2—1)Pn’](x)Pm_1(x)dx:f MXPpy (X) —MPpy _1(X) Py _1 (X)X
-1 -1

1
= [ mxPp (X)Pp _1(X)—mPp 3 (X)Pp _1(x) dx
—1

1 1
=m [ XPp (X)Ppy_10)dx —m [ Py 1 (X)Ppy _1 (x)dx (2)
-1 -1

m+1
2m +1

then (2) becomes

since XPp, (X) = Pm+1(X)+ Pm—1(X)

2m +1

1
[ (X2 =1)Pg (X)P_1(x)dx
-1
2m
2m -1

1
m+1 I
=m —P X))+ P x) [P X )dx —
_fl [2m+1 m+1(X) om a1 m—1( )} m—1(X)

2 1

} P +1(X)Pm_1(X)dx + i I Pm—1(X)Pm_1 (X)X — 2m
1 2m+1°, 2m -1

_m(m+1)
2m +1

2 1

[ Pm—1(X)Pm_g(x)dx —
)

_ m?2 2 _m 2 _—=2m(m +1)
T 2m+1[2m -1 2am-1|  am2_1

we use

2m
2m -1

~m
2m +1

1 1
_jl Py (X)Py (X)dx = o1 and _jl P —1(X)Pp —1 (X )dx =m

Another solution

since (x2 —=1)P/, (x) = (M +1)Pp ,1(X) = X(M +1)Pp, (X)

then

1 1
| (X2 =1)P (X)Pr _1(x)dX = [ [(M+1)Pp 11 (X) =X (M +1)Ppy (X) [Py _1(x )dx
-1 -1

12
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1
= [ [(M +1)Pry 1 0P _1.(x) = (M +L)xPry ()P _1 (x)]dx
—1

1 1
=(m +1)f Pm +1(X)Pm 1 (x)dx —(m +1) f XPp (X)Pm _1 (X )dx
-1 -1

1
=—(Mm+1) [ XPrp (X)Py_1(x)dx  (2)
—1

m+1
2m +1

since xP, (X) = Pm+1(X)+ Pm_1(X)  then (2) becomes

2m +1

1
[ (X% =1)P, (x)Ppy 1 (x Jdx

~1
1
1
=—(m -i-l)_f1 2%11Pm+1(x)+2mm+1pm—1(x) Pm —1(x)dx
+1)(m +1) 3 m(m +1)
== a0 a0k =T [ Py (00Pr 3 (x0x
__Mm(m+1) r __m(m+1) 2 _ —=2m(m +1)
T om e+l _fl Pin—1 0P O == Gm =D~ am2 1

2m(m +1)
(2m +1)(2m + 3)

1
B) [ XPr (X)Pm 41 (X)dx =

1
Answer:
} XP, (X)P (x)dx—} M+l s )+—" P )P (x)dX
—m”} P 1 ()P g (X)X 4 — }'P OOP 4 (X)X
1
m+1 2m(m +1)
= P x)P x)dx +0=
2m +1f m-+1()Pm 41() (2m +1)(2m + 3)

-1



Answer Book Legendre Polynomials and Functions

r 2m
€) | XPp (X)Pp_1(x)dx =
!1 " " 4m? —1
Answer
r r m+1 m
J 3P (0OPm ()X = [ 1502 Py () 5= P 1 () P 1 ()X
m+1 ‘}» m }
= Pm +1(X)Pm_1(X)dx + Py _1(X)Pp _1(x)dx
2m +1_l 2m +1_1
1
m 2m 2m
2m -I—lf m—10)Pm () (2m +1)@2m —-1) (4m?—1)

-1

(5) Show that|(1—x) % (2m +1)Pp, (x) = (n +D{Pp (x) = P2 (X)}].

m=0
Answer:
since
(M + 1Py, 11 (X) = (2m + D)xPy, (X) +mPy, _1(x) =0
then
(M +1)Pp 41 (X)=(2mM +1)XPp, (X) —mPyy, _1(X) Q)
(M + 1Py 41 (y)=(2m + 1)yPp (y ) —mPpy _1(y) (2)

Multiply (1) by Pm(y) and (2) by Py, (X)

(M + )Py 11 (X)Pmy (¥ ) =(2M + 1)XPp, (X)Ppy (y ) =mMPry _1 (X)Pry (¥ ) (3)
(M +1)Pm 41 (Y )Pm (X) = (2m +1)yPp, (¥ )Py (X) =MPry _1 (Y )Py (X) (4)
subtract (4) — (3)

(M +1)[ P 41(Y )P (X) = Pry 2(X)Pm (¥ )]

=(2m +1)(y —x)Pm (X)Ppy (¥ ) +m[Ppy (¥ )Py _1(x) = Py _1(y )Py (x) ] (5)

put Fry = (M +1)[ Py2(Y )Py (X) = Py 120)Pm (¥)]

14
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Then Fy =[ P (y)Py(X) = P(X)Py(¥)]= y - X

and equation (5) can written in the form

Fin =@M +1)(y =X )P (X)Pq (¥ )+ Fy 1 (6)
S Fn= 3 @M+D(y -X)Pn(Pn()+ % Frs @)
m=0 m=0 m =0
n n n
> Fn=X @Cm+1)(y -x)Pp(X)Pr(y)+ ¥ Fn_g (8)
m=0 m=0 m=1
n n n-1
> Fn=X @Cm+1)(y -x)Pnh(x)Pn(y)+ ¥ Fp (9)
m=0 m=0 m=0
hence
n n-1 n
> Fm— X Fn=2X @Cm+1)(y —x)Py (X)Pmy(y) (10)
m=0 m=0 m=0
n
Fo=(y —x) ZO (2m +1)Pp (X)Pm (Y ) (10)
m=
Hence

(N + 1) Prya(Y )P (X) =Py (X)Pr (y ) J=(y —x) %0 (2m +1)Pp, (X)Pr (y)
m=

puty =1

(0 + D[Prs1 ()P (D)= Prag (DPr )]=(1=X) 3 (2m + 1Py (VP (X)

m=0

(N + D[Py (X) = Py2.()]=(1-%) %0 (2m + 1Py (x)
m=

(6) Show that % (2r +1)P, (X)=Ppa1(X)+Pp(Xx)
r=0

Answer
1]

P1(x) = zo (20— 4r =1)Py_pp_1(X)

z[n
h

15
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3[n]
he1(X) = ZO (2n—4r +1)P,_5,(X)
r=
3[n-1] 3[n]
Pr(X) +Phi1(X) = Zo (2n =4r =1)Pn_op 1 (X) + Zo (2n —4r +1)P_p (X)
r= r=
=(2n =1)P_1(X)+(2n =5)P,_3(X) + ...+ 7TP3(X) + 3P1(X)

+(2n +1)P (X) + (2n = 3)P_o(X) + ... + 9P4(X) + 5P, (X) + Py (X)

= % (2r +1)P, (x)
r=0

Answer

: : 1 ®
Generating function == > thm (0)
\/(1—2xt+t ) m=0

set x =0 in theorem (1) we obtain

= OZO: thm(O)
2 =

Expanding the left-hand side by the binomial theorem gives us

L et Y2 oge c1yop2 4 £ 281D 202
1412 2!
2k —1
(=1/2)(=3/2)...(- )
+ 2 (t2 k4
k!
m=0 2™ M12.4.6...(2m —2)2m m=0 22M (m1)?

Thus we have

v pm_@m)! om_ ¢ {Mp (o
mZ:O( ) 22m(m!)2t mZ:O m()

and equating coefficients of corresponding powers of t on both sides
16
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(2m)!

gives Py (0)=(-1)™ 22 (12

and Pomy1(0)=0

(8) Show that P, (0) — Pop_5(0) = (-1)" (2n)! (4n—1j

22" (ny©r\ 2n -1
Answer
Since Py (0) = (—1)" zzf]z(?])!!)z then P,_5(0) = ()" 22n(_22n (; i)l!)!z
Pon (0)~Pan2(0) = (1) 22(”2(?1)!!)2 -y 22”(‘2;(; i)1!)!2
_ (<" Zzﬁz(r;))!!z +(-D)" 22nn_22((22: __11))(: ; (; 3)1!) 2
oo o Jatnctec
- 22(”2(?1))!!2 el 22 (221'(_2:));)!2

| 0 (2n)! 2n \ [, .n (@) (4n-1
_(( g 22n(n)!2](1+ 2n —1]_(( ) 22”(n)!2](2n —1}

(9) Use Py(x)=1,P;(x)=x and the recurrence relation
(2n +DxP, (x) =(n + )P, 1q(X) +nP,_1(x) to find Py(x),P3(x),P4(x) and P5(x)
Answer
Since (2n +DxP, (X) =(n +1)P, ;1 (X ) +nP,_4(x)
Setting n=1 then
3xPy(x) =2Py(x) + Py(x)
3X (X ) =2P,(x ) +1 = P(x)=31(x*-1)

Setting n=2 then

17
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5xPy (x) =3P3(x ) + 2P;(x)

5x.2 (3% % —1) =3P3(x ) + 2x

P3(x) =%(5x3 ~3x)
Setting n=3 then
TXP3(x) =4P4(x) +3P,(x)

7x L (5x % ~3) = 4Py (x) + 2X

P4(x):%(35x4—30x2+3)

(10) Use Rodrigues formula to prove (2n +DP (X)) =Prq(X) —P(x) .
Answer

From Rodrigues’ formula we have

1 g+t (2 gl 1 d"

— — 2 1 2_1n
2" (n +1)! dx”“( ) 2" (n +1)! dxn[X(nJr)(X )}

_ 2(n+y d" > .l 1 dn 2 n
2" (0 41! dx”[X(X ) }2“(n)! dxn[X(X DJ

Pni(x)=

1 dn
2"(n) dx "

Pl’;—i—l(x): |:(X2—1)n + 2X zn(XZ_l)n—l}

From Rodrigues’ formula we have

d 1 d"t 5 ha|_ 20 d" (2 na
P! (x)=— ) PR LI R
100 =4 {2”‘1(n —1)!dx”‘1(x ) 2"nidx " ((X ) )

As a consequence, we have.

1 d"r, .2 . 2 2 an-1 1 d" 2 an-1
P’ _p’ - Sl “D" +2x“n(x © -1 - —(2n(x“ -1
n+1(x)—Pp_1(x) 2" ()1 dxn[(x )+ ( ) } Py dxn( ( ) )
1 d"

"2 (n)! o 6D 2 ) an (P -y
n): dx
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1 d”
2" (n)! dx "

[(x 2_)" 4 2n(x 2 —1)(x 2 —1)”—1

~2n+1 d"
2" (n)! dx "

x2-1)" =(2n +1)P, (x)

(11) Write x 2as a linear combination of Po(X),Pr(x) and Py(x).

Answer
Let x?=CoPy+CiP +CoPp=Cq +Cix +C21(3x*-1)
Compare the coefficients in both sides then
X 2 =C Py +CP, +C,P,
=Cq +Cpx +Cp1(3x*-1)
Co-C2=0,C1=0, 3C, =1

.y2_2 2
SoX —§P0+0.P1+§P2

(12) Write x 3as a linear combination of Po(X),Pr(x), Po(x) and P3(x).

Answer

Let X3=C0P0 +C1P1+C2P2 +C3P3

1
o =%(2n £ f (x)P, ()
X

1
For even integration ~ C,, =(2n +1)f f (x)P,(x)dx then Cp=C,=0

0
1 3 1 .
Cy=3] x*P(x)dx =3] x “dx =3
0 0
¢ :7} x 3P3(x )dx =Z} X3(5x3—3x)dx :Z} x3(5x6—3x4)dx _5
3=71 X°Ps 3 )| 2
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Then X3=§P1+—P3

The first several Legendre polynomials are listed below
Po(¥) =1

P, (X) = X

P, (X) =%(3x2 -1)

P3(X) =%(5x3— 3X)

P4 (X) :%(35x4 - 30x% + 3)

P (X) :%(63x5 - 70x3 + 15X)

The recurrence formula is

2n+1 n
P = P -—
h+1(X) n+1 XPp (X) n+1 h-1(X)

n+1(X)-Pn.1(X) = (2n + 2)P, (x)
can be used to obtain higher order polynomials. In all cases P,(1) =1and P,(-1) =(-1)"

Orthogonal Series of Legendre Polynomials

Any function f(x) which is finite and single-valued in the interval —1 <x <1, and which
has a finite number or discontinuities within this interval can be expressed as a series of
Legendre polynomials.

We let

f (X) = Z AnPn (X) = AOPO(X)+ A1P1(X)+ A2P2(X)+ .., —1<x<1
n=0
Multiplying both sides by P, (x) and integrating with respect to x fromx=-1tox=1

gives } f(x)Pm(x)dxzio‘, An} Py (X) P (X)dx
-1 n=0 -1

By means of the orthogonality property of the Legendre polynomials we can write
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2n+11

An jf(x)P (x) dx , n==0123...

Since P,(x) is an even function of X when n is even, and an odd function when n is odd, it
follows that if f(x) is an even function of x the coefficients A, will vanish when n is odd;
whereas if f(x) is an odd function of X, the coefficients A,, will vanish when n is even.
Thus for and even function f(x) we have

0 n is odd

A, = 1
U L 1[ f (X)P,(x)dx niseven

Whereas for an odd function f(x) we have

1
2n+1jf()P (x) dx n is odd

| 0 n is even

(1) Find the first three coefficients in the expansion of the function

0 -1<x<0
f(x)=
X O<x<1
in a series of Legendre polynomials P, (x) over the interval (-1, 1).

Solution

f(x)=§ AnPr (X)

2n+11

A, = j f (x)P,(x) dx , n=2~012 3
l
o =27 1! F(OP(X) dx——I (W dx=7
2 + 1

A = _E{) (x)(x) dx=§

Ry, Oy -ndx= 2] (3xC— x)dx =2
? e 25 2 4; 16
f(x)—%P0+1pl+%P2+
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